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Abstract-The response and stability of long. relatively thick-walled metal tubes under combined
bending and e:<ternal pressure were studied through combined experimental and numerical efforts,
The e:<periments involved stainless steelJ04 tubes with nominal diameter to thickness ratios of 34.7
and 2~.5, Curvature-pressure interaction collapse envelopes were generated for two different loading
paths involving bending followed by pressure and pressure followed by bending. The tube response.
the critical collapse loads and the nature of the instabilities observed were found to depend on the
loading rath. A suitable formuhttion of the problem based on the principle of virtual work was
used to numerically simulate the experiments. The J: flow rule of plasticity was used to model the
inclastk material behavior. The analysis successfully reproduced the limit load type of instabilities
whil:h govern the problem in the range of diameter to thickness ratios of interest.
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INTRODUCfION

The work presented in this paper is motivated by the design needs of structures such as
pipelines and risers in deep offshore waters. The high ambient pressure makes such structures
collapse critical. They are particularly vulnerable during the installation process when. in
addition to the external pressure. they must sustain bending and/or tension 10ads[I], An
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506 E. COROSA and S. KYRIAKIDES

example of a pipeline installation process is shown in Fig. I(a). The line is payed into the
sea off a special lay vessel. The configuration of the suspended section induces bending
which is usualIy highest in the "sagbend" region close to the seafloor. The bending curvature
induced is controlled by the tension applied at the barge. Thus, sufficient tension must be
applied to avoid collapse of the line.

Another colIapse sensitive installation procedure is the one in which a pipeline on the
seafloor is pulled through a "J"-tube of fixed radius (Fig. I(a)). The design of the J-tube
must. by necessity. be strongly influenced by the pipe collapse limitations. The pressure
curvature loading history induced to a safely designed pipeline by the two processes
described is shown schematically in Fig. I(b). The collapse envelope of the pipe is included
for reference. The paper addresses the problem of establishing such collapse envelopes
for pipe geometric and material parameters suitable for deep waters (1500-8000 ft; 450
2450 m).

Brazier(2) pointed out that the response of long elastic tubes in pure bending is
characterized by a limit load type of instability (see also Ref. [3)). The limit moment is
directly related to the ovalization experienced by the tube cross section. Bifurcation type
of instability characterized by axial and circumferential waves was shown to often precede
the limit load[4-7). In the presence of external pressure, the tube non-linear response
becomes softer. This leads to lower limit moments and bifurcation loads[7. 8).

In the case of thicker shells ( 10 < D Il!t < 2(0) both the response as well as the inherent
instahilities of the structure arc strongly inlluenced by the interaction of the induced
ovali/ation and the plastic characteristics of the material. Ades[9), obtained the limit
moment of elastoplastic tuhes hy assuming the ovali/ed cross section to be elliptical and
by modeling inelastic behavior through the J~ deformation theory of plasticity. Gellin[IOI.
developed a more systematic solution procedure for establishing the non-linear tuhe
response by adopting circumferentially inextensional kinematics and the J~ deformation
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theory of plasticity. Gellin's solution procedure was extended in Ref. [II] by adopting a set
of extensional kinematics and a variety of incremental plasticity models. Other noteworthy
contributions to the problem are those of Bushnell[12] and Calladine[13]. Experiments
involving pure bending of inelastic shells have been reported in Refs (14-20]. From these
studies it can be concluded that for "thinner" tubes bifurcation type of instability precedes
the limit load; for "thicker" tubes the limit load is reached first as shown in Fig. 2(a). For
commonly used steel and aluminum alloys the transition seems to be between Olt values
of 35-45.

Long. rel;.ltively thick-walled tubes under external pressure experience a limit pressure
type of instability. Unlike the limit moment in the pure bending loading problem. the limit
pressure is very sensitive to initial geometric imperfections. particularly initial ovality (Fig.
2(b». Detailed parametric studies of the collapse pressure (and literature review) can be
found in Refs [21, 22].

References [23. 24J reported experiments involving collapse of tubes under combined
bending and external pressure. The results of Ref. [23] were for steel pipes having Olt values
of 40. 60 ~lOd HO; those of Ref. [24] for aluminum tubes with 0lt values of 35 Hnd 50. A
shell bifurcation type of analysis of the problem was developed in Ref. [23]. and an analysis
for predicting the limit load type of instability of the problem was presented in Ref. [25J.
Both analyses adopted the J ~ deformation theory of plasticity to model the inelastic material
behavior. Fabian[26J developed a more complete analysis of the probh.:m involving both
bifurcation and limit load instabilities and the more appropriate J~ incremental plasticity
model.

The objective of this study is to extend the experimental data. as well as the Hnalytical
tools available for establishing the collapse of tubes under combined bending and external
pressure. to low Dlt values. The Dlt range of 35-15 was chosen as the one most relevant to
deep olrshore applications. For common steel alloy tubes in this Dlt range. collapse is
governed primarily by limit load type instabilities for both external pressure as well as pure
bending loads. In addition. extensive plastic deformations can precede collapse. As a result
the critical combinations of pressure and bending arc expected to be dependent on the
loading path followed to collapse[27J.

A combined bending and pressure facility capable of testing steel tubes in the range of
interest was developed. Collapse experiments for two values of Dlt and three loading paths
arc presented. A suit<tble problem formulation is also presented followed by a comparison
between experimental and predicted results and a limited parametric study.

EXPERIMENTS

Test facilities
The combined bending-pressure experiments were carried out in a specially designed

test facility shown in Fig. 3(3). It consists ofa pure bending device which can operate inside
a pressure vessel. A data acquisition system is used to monitor the experiments.
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The bending device is shown schematically in Fig. 4(a). It was designed as a four point
bending machine capable of applying bending and reverse bending (design similar to
facilities in Refs [20. 2·m. It consists of two heavy sprocket assemblies resting on two beams.
Heavy chains run around the sprockets and are connected to two hydraulic cylinders and
load cells forming a closed loop. Each tube tested is fitted with solid rod extensions as
shown in Fig. 4(b). The rods are chamfered at the ends to reduce stress concentrations and
to avoid premature buckling at the end of the test specimen. The rod-tube interface is
sealed with a rubber hose. The test specimen assembly is engaged by the bending device
through four rollers located on each sprocket. as shown in Fig. 4(b).

Bending is achieved by contracting either of the cylinders causing rotation of the
sprockets. The load transfer to the test specimen is in the form of a couple formed by
concentrated loads from two of the rollers. During bending the rolling contact between the
test specimen and the device guarantees freedom of movement of the tube in the axial
direction.

The hydraulic system was designed such that the idle cylinder extends an amount equal
to the contraction of the active one. This ensures that the periphery of the closed loop
consisting of the chains. load cells and cylinders has constant length. Bending in the reverse
sense is achieved by reversing the direction of flow in the hydraulic circuit. The hydraulic
system is such th,lt the device operates essentially as a curvature controlled testing machine.

The curvature of the test specimen is directly proportional to the sum of the angles of
rotation of the sprockets. A rotary variuhlc diflerentiul trunsformer (RVDT) is used to
monitor the rotution of each sprOl.:ket. The curvature range of the set-up is governed by the
diameter of the pressure vessel and the length of the test spel:imen.

The applied bending moment is directly proportionul to the tcnsion in the chain which
is monitorcd by the two loud cells in the chain loop. The e1ectricul circuits of the loud cells
were designed so thut the meusured loud is insensitive to pressure und temperature chunges.
and negates the eflect of the weight of the chain loop. The capacity of the bending device
is 15.000 Ib in. (1700 N m). Tuhes having maximum kngth of 40 in. (1.0 m) and diumetcrs
up to 1.5 in. (3H nun) can he tested.

The device W.IS designed to he stifl" relative to the test specimen. For the experiments
reported. the energy stored in the device was less than 3'X. of the energy stored in the test
spccimen.

A special lightweight instrument mounted ut a point close to the tube midspan was
used to monitor changes in the major and minor diameters of the tube cross section.

The pn:ssure vessel is qlindrical in shape. 72 in. (I.g m) long and has an internal
diameter of 20 in. (0.51 m). A special closure system provides full opening access ut one
end of the vessel (Fig. 3(a». The vessel has a working pressure of 5000 psi (350 har). The
bending device rolls into the pressure vessel and is operated remotely. The operational set·
up of the test facility is shown schematicully in Fig. 3(h). The pressure vessel is usually
completely filled with wata and pressurized in a nearly volume controlled fashion using a
hydraulic pump. Pressure gages and an electrical pressure transducer arc used to monitor
the prcssure during the experiment. All transducers. signal cables and hydraulic lines
operating in the wet and high pressure environment of the prcssure vessel had to be specially
designed. insulated and scaled.

A computcr opcratcd data acquisition system was used to monitor the experiment.
The applied moment (AI). curvature (K). ovalization (I!t.DID) and pressure (P) were
customarily monitored. The signals from the corresponding transducers were suitably
amplified and digitized through an AID converter at the ratc of about 5 sample sets per
second. A microcomputer was used to select. manipulate. display and store the data in sets
of {M. ".I!t.DID. P}. Approximately 1500 data sets were recorded for each typical bending
pressure collapse experiment. The recorded data had uncertainties of 3% for the moment.
5% for the curvature. 0.5°;'. for the ovalization and 0.5% for the pressure.

Experimental procedure
The experiments were carried out using seamless. drawn. stainless steel tubes having

nominal diameters of 1.25 in. (31.8 mm). Results for nominal Dolt values of 34.7 and 24.5



On the collapse of inelastic tubes under combined bending and pressurc 509

(al

(bl

(~,--- Pump /-Pressure Vessel

Electrical
Siqnals

Fig, 3, (a) Comhin,l! pressure bending test facility. (b) T,st facility in operation (schcmatic).



510 E. COROS" and S KYRIAKlllf-S

12...-------------------,

0.8

0.6

0.4

0.2

E·JI9.IO'ksi
.... J7.Jksi

p·o
55 - J04

o. , 3365
I

(a)
o 0.3 0.6 0.9 1.2 1.5 1.8 2.1

(b)

Fig. 6. (al \kasun:u mOl11enl~.:urvatun:response (pure hendingcase). (0) Loc,lIilcu collaps.: mod.:.



On the collapse of inelastic tubes under combined bending and pressure

12
~ E' 319 .10'ks,M.

I 10~ CD cr• • 373 ks.

I~®I I
!

08

!0.6

I04
c-p

SS - 304

0.2 Jf.33.65

iQ)

0 02 0.4 06 0.8 1.0 12

(a) _If/te,

Fig. l'. (al !\fum.:nl clIrvalllr.: rcspllllsC. thl i\lomcnt-pressurc response. (c) Collapsed specimen.

511



51~ E. COKO",A and S. KYRIAKIOFS

j' ::1
55-304

;p .!?!: 2'15

\, -------. t .

OJ04
0.177

0091 -E.
0.8 Po

0.6

0.4

02

(a) 0 0.2 0.4 06 08 1.0 1.2 14 1.6

---/..

(b)

Fig. 9. (a) Measured momcnt-curvaturc responses for ditTerent values of pressure. (b) Test specimens
collapsed at ditferent pressures (and curvatures).



On the collapse of inelastic tubes under combined bending and pressure 513
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Fig. 4. (a) Schematic of pure bending device. (b) Load transfer assembly.

are presented. The lengths of the test specimens ranged between 18 and 24 tube diameters.
The material properties of the tubes tested were obtained from uniaxial tension tests
performed on axial test coupons cut from sections adjacent to the test specimens. Previous
experience with this type oftubes[2l] indicated that the manufacturing process could induce
inelastic anisotropy to the tubes. The main characteristic of the anisotropy was that the
yield stress in the circumferential direction was different from that in the axial direction.
Biaxial experiments involving combined internal pressure and axial loading were carried
out on sections of tubes in order to establish the degree of anisotropy (see Ref. [28] for
details).

The mean initial geometric imperfections of each test specimen were established by
micrometer measuremenls prior to eal:h test. These included initial ovality and thickness
variation measurements. The mean values of the material and geometric parameters of the
two families of tubes tested are listed in Table 1.

The combined bending-pressure test facility used in the experiments allows inde-

Table I. Geometric and material parameters of tubes tested

Doll D.in. I. in. E. ksi G,. ksi Go. ksi
(Nominal) (mm) (mm) ~o (GPa) (MPa) (MPa) n S

34.7 1.2480 0.0357 0.4x IO- J 26.9 x 10J 32.5 37.6 9.67 0.94
(31.70) (0.907) (186) (224) (259)

24.5 1.2475 0.0485 1.0 x 10- J 29.2 X 10J 49.6 51.8 17 0.80
(31.69) ( 1.232) (201) (342) (357)
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pendent control of the applied curvature and external pressure. Three loading paths were
adopted in the experiments; they are shown schematically in Fig. 5. In the first loading
path (Fig. 5(a»). the tube was first bent to a chosen value of curvature at zero pressure. The
curvature was then fixed and pressure loading was applied until the tube collapsed (depicted
as K -+ P loading path). In the second (Fig. 5(b». pressure was applied first followed by
bending under constant pressure until collapse (depicted by P -+ K loading path). In the
third, the curvature and pressure were incremented alternately by small steps forming a
nearly radial path as shown in Fig. 5(c) (depicted as "radial" loading path). This was
continued until the tube collapsed.

For the first two loading paths enough experiments were carried out to establish the
configuration of the collapse envelopes for the full range of pressure and curvature values
of interest. In the case of the "radial"' path a selected number of experiments were carried
out in order to establish the trend of the results.

Definition of collapse
The geometric and material parameters of the two families of tubes tested (Table I)

were such that in a pure pressure test the bifurcation pressure of the tubes with Dolt = 34.7
occurred in the el.lstic range; that of the tubes with Dolt = 24.5 occurred in the plastic
range. However. the presence of initial geometric imperfections combined with inelastic
effects led to limit load instabilities which were in general lower than the bifurcation
pressures. The tubes collapsed catastrophically on attainment of the limit pressures.

The pure bending moment-eurvature responses of both families of tubes tested were
characterized by limit moments (Fig. 6(a». Bending was carried out under curvature
controlled conditions and. as a result. the tubes could be bent beyond their limit moments.
However. soon after the limit moment was achieved the ovalization of the cross section
ceased to be uniform along the length of the tube. Deformation was localized in a region
5-6 diameters long as shown in Fig. 6(b); this was accompanied by a sharp decline in

.. " -p
!l LoodlnQ Path......
It

(0)
"L

Curvolure

Pc
..
!l.... p-"..

~--- ®It LoodinQ Palh

0 "L
( b) Curvolure

'Rodiol'
LoodinQ Path

"L
Curvolur.

Fig. 5. Loading paths considered.



On the collapse of inelastic tubes under combined bending and pressure 515

moment bearing capacity. The limit moment will be taken as one of the critical collapse
criteria.

The collapse mechanism under combined bending and pressure was found to depend
on the loading history. The variation of the tube moment, curvature, ovalization and
pressure during the two parts of the 1\ .... P and p .... 1\ loading paths are shown schematically
in Fig. 7. In a typical 1\"" P experiment the tube was first bent to a curvature 1\1 with
corresponding moment M, and ovalization dD, (Figs 7(a) (i) and (ii». The curvature was
fixed at the value 1\, and the pressure gradually increased. This led to an increase in
ovalization and a drop in moment (Figs 7(a) (iii) and (iv». This continued until the
ovalization grew to a value at which the applied pressure could no longer be supported and
the tube collapsed. This is identified by the limit pressure (collapse pressure, Pco ) in Fig.
7(a) (iii). Measured moment, curvature and pressure values for such a path are shown in
Figs Sea) and (b). Figure 8(c) shows a test specimen after collapse.

In a typical p .... 1\ loading history (Fig. 7(b» pressure PI was applied first. This induced
a small change in the geometry of the cross section indicated by 6D ,. The tube curvature
was then gradually increased while the pressure was kept constant at the value of PI. The
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prescribed bending induced a growth of ovalization of the tube cross section as shown in
Figs 7(b} (ii) and (iv). The rate of growth of ovalization was accelerated by the presence
of the pressure. Eventually a limit moment was reached (Fig. 7(b) (iii». Because of the
accelerated growth of ovalization the limit moment (M z) and the corresponding limit
curvature (Kz) were smaller than the critical values at lower pressures. For "higher" values
of pressure, collapse followed immediately the attainment of the limit moment. For "lower"
values of pressure, bending beyond the limit moment was possible. Such loading led to
localized growth of ovalization and eventually to catastrophic collapse.

Figure 9(a) shows a set of measured moment4:urvature responses for different values
of pressure. Figure 9(b) shows a set of collapsed test specimens. The extent of damage
sustained by a test specimen during collapse depends on the value of pressure and the
compliance of the pressure vessel.

PROBLEM FORMULATION

The response and collapse. of the tubes of interest. under combined bending and
pressure loads were evaluated numerically through a procedure based on the principle of
virtual work. A solution procedure. originally developed for pure bending loading[ 11.29]
was extended to include hydrostatic pressure loading.

Kinematics
The problem considered consists Of"1 long, circular. thin-walled tube of mean radius

R and wall thickness t (Fig. 10). The tube is in a state of pure bending and external pressure.
The tube curvature. K. and the deformation of its cross section are assumed to be uniform
along the tube length. In addition. symmetry about the plane of bending is assumed.

The kinematic relations adopted[lO. 30] accommodate relatively large deflections of
the tube cross section. The coordinate system used and the displal.'Cment components are
delined in Fig. 10. It is assumed that plane sections perpendicul'1r to the tube mid-surface
and those perpendicular to the tube wall mid-surface remain plane during loading. The
strains .Ire assumed to remain small but finite rotations of the plane sections are accom
modated.

The circumferential strain can be expressed as

(I)

where the membrane component E:1?is given by

(2)t

and the local curvature Ko is given by

(3)

The axial strain can be expressed as

(4)

where F.~ is the axial strain of the axis of the cylinder and

t( r == d( )/dO.
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A-A

(Fig. 10).

Fig. 10. Problem geometry.

,= [(R+w) cos O-v sin 0+= cos 0] (5)

Conslillllil'e hehavior
The tube geometries considered, and the particular interest in establishing the sensitivity

of the collapse loads to the loading path, dictated that incremental plasticity be used to
model the material. The simplifying assumptions of the J 2-type of incremental plasticity
are adopted. The customary assumptions of the classical plasticity theory ofsmooth, convex
yield surfaces are adhered to. The strain increment is assumed to be given by

(6)

The elastic part of eqn (6) is assumed to be isotropic and is related to the stress increments
through

(7)

Hill's extension of the J 2-type plasticity to anisotropic yiclding[31] was used to model the
type of anisotropic yielding observed in the tubes used[28]. The stress component normal
to the tube wall is assumed negligible and all shear stress components are zero. Thus the
equivalent stress is taken as

where

(8)

(jOIl
SII=-,

(j0.<

S, = (jo,

(jo..



SIS E. CORONA and S. KYRIAKIDES

and o"u,. O"O~. o"u, are the initial yield stresses in the principal directions of anisotropy. For
the majority of the measurements S~ and S, were found to differ only slightly. Thus, unless
otherwise stated. the following simplification is adopted:

(9)

The value of S was obtained from biaxial experiments as described in Ref. [28]. The
material stress-strain curves measured experimentally were represented with the three
parameter Ramberg-Osgood fit given by

e = ~ [1 + ~ (~)"-IJ.
E 7 0".1'

The initial yield surface was assumed to be given by

0". = 0" 0.••

(10)

( II)

Subsequent yield surfaces were determined by the flow and hardening rules used. If the
yield surface is assumed to grow such that the initial nature of the anisotropy is retained[31]
(corresponds to isotropic hardening), then the yield function is defined by

1«(1) = O".max

where O".m;" represents the largest value of 0". in the loading history.
The plastic strain increment is given by

For a uniaxial test in the x-direction eqn (13) reduces to

( 12)

(13)

(14)

This type of model is known to be inappropriate for loading histories which involve
reloading preceded by substantial unloading, or involving reverse loading. For some loading
histories the problem considered can experience unloading and reloading; thus, the non
linear, kinematic hardening model suggested by Drucker and Palgen[32] was also adopted
as an alternative for the analysis. In this case the yield surface retains its initial size but
translates in stress space. Subsequent yield surfaces are defined by

(15)

where x represents the position of the center of the yield surface in stress space. The model
is completed by specifying the direction of translation of the yield surface. The first option
used is the one suggested by Ziegler[33] and adopted in Ref. [32]. In this case the yield
surface translates in the direction defined by the line joining the current center of the yield
surface to the stress point. i.e.

( 16)

where the scalar dtl is evaluated from the consistency condition.
The second option used was proposed in Ref. [II]. It is based on experimental obser

vations made by Phillips and co-workers as summarized in Ref. [34]. A second surface,
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given the name the loading surface, representing the maximum state of stress in history was
incorporated into the Drucker-Palgen model. This surface is given by

F(a) = O'.max (17)

it grows in an isotropic fashion whenever the yield surface comes into contact with it. The
yield surface is always contained by the loading surface. The two surfaces come into contact
tangentially. When the two surfaces are not in contact the yield surface translates in the
direction defined by PQ in Fig. II (Mroz[3S». This rule ensures that the two surfaces come
into contact tangentially.

Principle of virlllal work
The principle of virtual work (PVW) is used to satisfy equilibrium. Expressed in terms

of the problem variables it can be stated as follows:

where L1 = L'+L';' P= P+ P, at = O't+l1t' etc. and n denotes an increment in ( ). The lert
h.md side of eqn (18) can be recognized as the increment of work done by the internal
stresses and the right-hand side as the increment of external work done by the extern.1I
pressure. A more detailed form of eqn (18) is given in the Appendix.

The displacement components v and ware approximated by

N

V :::: R L hn sin nO,
n- 2

W:::: R[ao+ f lin COS no].
n_ I

( 19)

Equations (19) are substituted in eqns (I )-(5) and those are in turn substituted
in eqn (18) as demonstrated in the Appendix. By noting the arbitrariness of

-eTa

Loading
Surface

Fig. II. Two surface hardening rule.
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{b£io• b£i ,•...• bay. bb~. 66 3., ••• bbv • "t~} a system of 2N+ 1 non-linear algebraic equations
in terms of {ao. a, •.... a.v. b~. 63, •••• b.v • e~} are obtained. This system ofequations is solved
using the Newton-Raphson method. The iterative scheme contains nested iterations for the
constitutive relations.

The integrations in eqn (18) are carried out numerically using Gaussian quadrature.
Seven integration points through the thickness and 12 in the interval [0,7t] were found to
be sufficient through convergence studies[36].

As mentioned earlier bending is controlled by specifying curvature increments K.
Pressure loading is achieved by prescribing either pressure increments, Por by prescribing
increments of the displacement coefficient a~ (main contributor to ovality). The dis
placement controlled approach is required in order to properly identify limit pressures. The
values of the loading increments were chosen such that the resultant stress increments did
not exceed 2000 psi and the resultant ovality increments (tJ.DID) did not exceed 0.002.

Following a converged solution the values of displacements. strains and stresses are
updated and the bending moment evaluated from

M = 2R [4 ftl~ G.., d= dO.
Jo -(/2

RESULTS AND DISCUSSIONS

(20)

Comparison of experimental and predicted results
The numerical solution procedure described in the previous section was used to simulate

the experiments carried out. The main characteristics of the predicted responses for the" ....
P loading path are summarized in a set of results for Dolt = 24.5 presented in Fig. 12.
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Predicted results for the P - " path are presented in Fig. 13. The geometric and material
parameters used in these predictions are listed in Table l. The results are nonnalized by
the following quantities:

Po -- 2(1oSt M D~ ID'
Do' 0 = (10 iit, "I = t, ii· (21)

As in the experiments, in the" - P loading path the tube was incrementally loaded to
the chosen value of curvature at zero pressure. Calculated moment-<:urvature and oval
ization-<:urvature responses for this part of the path are shown in Figs 12(a) and (b),
respectively. The curvature was then fixed (at the four values indicated by dotted lines in
the figures) and the pressure incremented. The ovalization developed during the bending
part of the path grew further as shown in Fig. 12(c). Eventually a limit pressure was reached.
This limit pressure represents the collapse pressure.

During the pressurization process the bending moment drops as shown in Fig. 12(d).
This causes material unloading at some points on the cross section. followed by reloading.

The pure bending part of the loading path is curvature controlled and. as a result. the
tube does not collapse on the attainment of the limit moment. From experimental obser
vations the ovalization of the tube cross section ceases to be uniform along the length
beyond the limit moment. Deformation localizes to a section a few diameters long. This
type ofdeformation cannot be simulated by the analysis described. As a result. the responses
predicted beyond the limit moments are in general unconservative.

In the P -- K loading path pressure was applied first. The pressure-ovalization response
for this part of the history is shown in Fig. 13(a). The pressure was then fixed (at the
values indicated by dotted lines) and the curvature incremented. The moment-curvature.
ovalization-moment and ovali7.ation-curvature responses obtained at four different values
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of prescribed pressure are shown in Figs 13(b)-(d). respectively. For "lower" values of
pressure. the moment--<:urvature response exhibits a limit moment before collapse. Attain
ment of the limit moment will be taken as the critical state. The localized deformation which
follows the limit moment cannot be simulated by this analysis. As was the case in the
experiments. collapse is more clearly identified at "higher" pressures. The critical curvature
is identified by a sharp decay in the bending moment with a small increase of curvature.
The corresponding ovalization increases sharply to a value at which the external pressure
can no longer be supported.

The experimental and predicted values for collapse in the", -> P loading path for the
two Dolt values considered are shown in Fig. 14. The point on the abscissa represents the
curvature at which the limit load occurred under pure bending. The results exhibit a
rapid decrease in collapse pressure with increasing curvature up to the value of curvature
corresponding to the limit moment. For tubes bent beyond the limit moment. the collapse
pressure seems to asymptotically approach a value close to the propagation pressure of the
pipe[36]. It is interesting to note that the envelopes do not close in the range of curvatures
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considered. This is due to the fact that limitations in the testing facility did not allow
bending, inside the pressure vessel, up to the point of complete collapse of the tube (e.g.
moment capacity reduced to less than 50% of limit moment).

Scatter in the experimental results is due to variations in both geometric and material
parameters among the test specimens (i.e. variations not picked up by the normalization
used: e.g. variations in initial imperfections, anisotropy, etc.). Predictions based on the
mean material and geometric parameters of each Dolt group are also included in the same
plots. Predictions from the three constitutive models described in the previous chapter are
included. The same material constants were used in all models. The results from the two
surface hardening rule yield the best overall comparison with the experiments. Isotropic
hardening leads to slightly higher results than the two surface kinematic hardening rule and
an overestimate of the collapse pressure at higher values of curvature. The results from the
kinematic hardening rule with the Ziegler hardening direction substantially underestimate
the experimental results.

The main cause for the relative failure of the last model is illustrated in Fig. 15 in which
the ovalization predicted by the three models in a pure bending test is compared with
experimental values. The Ziegler hardening rule leads to substantially higher predictions
for ovalization compared to the other two models which are found to lead to reasonably
good agreement with the measured values. Higher ovalization during the bending phase of
the loading history results in lower collapse pressures. The main difference between the two
kinematic hardening models used is the direction of translation of the yield surface. Sensitivity
of predicted stress-strain relationships to the direction of translation of the yield surface
were also observed in Refs [I I. 37, 38]. These references also showed that the Ziegler
hardening direction can lead to unrealistic results.

The pure bending part of the loading path involves no unloading. As a result, the two
surface models and the isotropic hardening model yield the same results as demonstrated,
for example, in Fig. 15. However, during the pressurization phase of the loading history
unloading from and reloading back to a plastic state occurs in some parts of the tube
cross section. Figure 16 shows the stress history predicted at a point in the cross section by
the two models. The loading history involved pure bending to 10.:110.: I = 0.618 followed by
pressurization until collapse. The initial yield surfaces and loading surfaces and the ones at
the end of the bending phase are shown. During pressurization unloading occurred and
was followed by reloading. For isotropic hardening, plastic reloading was recommended at
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Fig. 15. Measured and predicted ovalizations as a function of curvature (pure bending test).
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P/Po = 0.312 where as for the two surface rule it was recommended at P/Po = 0.280. The
collapse predicted by the two models occurred at PIP0 = 0.316 and 0.295, respectively.

Isotropic growth leads to an unrealistically large yield surface at the end of the bending
phase as shown in Fig. 16(a). This causes delay in the plastic reloading as compared to the
two surface hardening rule shown in Fig. 16(b) (indicated by the much larger arc traversed
in the elastic range).

The type of behavior described above was characteristic of at least 25% of the inte
gration points. As a result, higher collapse pressures were predicted by isotropic hardening
(see Ref. [36] for more details).

Experimental and predicted values for collapse in the P -+ " loading path are shown
in Fig. 17. In this case two sets of points are shown. Squares represent the curvatures at
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which the limit moment was reached; the triangles represent the values at which the
tube collapsed catastrophically. At "higher" values of pressure the two failure events are
indistinguishable as shown in Fig. 9(41). At "lower" values of pressure the two occurred at
increasingly ditTerent values. As already mentioned, bending beyond the limit moment was
observed to lead to localized deformations. It is again suggested that for design purposes,
the curvature at the limit moment should be considered to be the maximum allowable load
for the structure.

Predictions of the failure envelopes based on the limit moments are also included in
Fig. 17. In this case, the loading history does not involve serious unloading or reloading.
As a result the predictions from isotropic hardening and the two surface hardening rule are
essentially the same. Good agreement between these predictions and the experimental
results is observed for Dolt = 34.7. Reasonable agreement is observed for Dolt = 24.5. In
both cases, the kinematic hardening model which incorporates the Ziegler hardening direc
tion, again yields predictions which are substantially lower than the experiments.

The results for the two loading paths and predictions from the two surface hardening
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rule model are compared in Fig. 18 for Dult = 34.7 and Fig. 19 for Dult = 24.5. The effect
of the loading history on catastrophic collapse is clearly demonstrated. In comparing the
results for the two loading paths: it is important to remember that the two sets of results
were obtained from different, but realistic, failure criteria (I( -- P results represent actual
collapse where P -+ I( results represent the attainment of a limit moment). However, it is
also observed that the P -+ I( collapse envelope based on collapse is still substantially lower
than the I( -+ P envelope. We reiterate that the collapse criteria adopted are the ones
considered most suitable for ultimate load design purposes. The main characteristics of the
two envelopes seem to be common to both Dult values shown.

The primary cause of the lower collapse envelopes for the P -+ I( loading history can
be attributed to the more severe plastic state induced in the areas of () = 0, n12, nand 3nl2
during loading. This enables an earlier onset of the collapse mechanism which is essentially
an n = 2 collupse mode.

Results for the third louding puth considered which has an approximately radial
direction centered at the origin of the P -+ I( plane, are shown in Fig. 20. Points at which
the limit moment, as well as the actual collapse, occurred are identified for both the
experiments us well as the predictions (note that predictions beyond the limit loads are
unconservative since localization of deformation is neglected in the analysis). Reasonable
agreement between the experimental and predicted limit load cases is observed. It is inter
esting to observe that the radial path yields critical values which are even lower than the P-+
"path. (Note that in the analysis the path followed was radial whereas in the experiments it
was stcpwisc radial as shown in Fig. 5(c).)

An lIIl1/.wal mode of ocali:ation
As reported 'lbove, bending induces ovalization of the tube cross section. The minor

axis of the oval-shaped cross section is usually in the plane of bending. External pressure
enhances the growth of the ovalization and leads to the eventual collapse of the tube. The
typical mode of collupse obtuined in the experiments was as shown in Fig. 8(c); Le. the
tubes collapsed in a plane perpendicular to the plane of bending. In the case of a group of
tubes bent to relatively small values ofcurvature, a dilferent mode of collapse was obtained
shown in Fig. 21 (b). These tubes collapsed in the plane of bending.

Collapse results, for the I( -+ P loading path, obtained from tubes which exhibited this
behavior are shown in Fig. 21 (a). The mode of collapse is identified by the line drawn
through the experimental points. The unusual behavior occurred for bending curvatures,
"II(I < 0.3. In this regime, the collapse pressure measured under increasing prescribed
values of curvature, tirst decreased, then increased and then continued to decrease in the
general l~tshion reported earlier. This behavior was found to be repeatable in a second
group of experiments carried out in this curvature regime[39].

Card"ul measurement of the deformation of the tube cross section in the bending phase
of the loading, revealed that, in the curvature regime in question, the tubes exhibited reverse
ovalization, i.e. the major axis of the deformed cross section was in the plane ofbending[39].
For highcr values of bending curvature the induced ovalization returned to the normal
type.

Careful consideration of all the problem parameters revealed that bending-induced
reverse ovalization, similar to that observed in the experiments, can be caused by the
pn:sence of a circumferenti.tlly uniform, bending type residual stress. The sense of the
residual bending stress required is such that if the tube is cut along a generator it would
spring open (Fig. 21 (a)). The range of curvature in which reverse ovalization is exhibited
and its amplitude depend on the strength of the residual stress field (i.e. uxlun)' Experiments
carried out on the tubes used in the collapse tests verified that the major component of the
residual stress field was of this type.

Figure 21 (a) shows analytical predictions of the I( -+ P collapse envelope including a
residu.t1 stress field of the type described ofstrength U Rlun = 0.35. At low values ofcurvature
the collupse envelope exhibits two cusps. The predicted collapse mode for curvature values
between the two cusps was found to be of the unusual type. The agreement between the
experimental and predicted results is good for all values of curvatures.
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Results predicted without including residual stresses are also included for comparison
purposes.

Parametric stU(~V

The suitability of the problem formulation and the solution procedure used in pre
dicting the limit load type of instabilities. which characterize the problem in the low Dolt
range. has been demonstrated. In this section. the numerical solution procedure was used
to examine the dependence of the collapse envelopes on various problem parameters.
Collapse envelopes for the K ..... P .!Od p ..... K loading paths were generated for each par
ameter varied. The collapse criteria adopted arc the same as those identified in the previous
section.

Figure 22 shows the predicted collapse envelopes for Dolt values of 32.24 and 16. The
main characteristics of the three envelopes remain the same. As expected. tubes with lower
Dolt values can sustain higher combinations of pressure and curvature.

The effect ofsmall initial geometric imperfections on the collapse envelopes is examined
in Fig. 23. The geometry of the imperfection used was as follows:

11'0(0) = - R/io cos 20. (22)
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Fig. 23. Predicted collapse envelopes for tubes with initial imperfections.
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Collapse under pure pressure is very sensitive to imperfections as reported in Ref. [21] and
elsewhere. The curvature corresponding to the limit moment is relatively insensitive to such
imperfections. As a result, the predicted load combinations at failure arc lower in the
presence of imperfections for low curvatures. At higher curvatures the dTel.:t of this type of
imperfection is less pronounced.

Figure 24 shows how the collapse envelopes vary with the material yield parameter ",,,
rt is important to note that in each case shown the normalizing pressure Po was adjusted
to retlect the change in ",. Thus. the seemingly higher predicted collapse pressures shown
in the figure for lower yield stresses arc due to the normalization used. (f the tube has a
collapse pressure which is intluenced by inelastic effects, then an increase in the yield stress
will cause an increase in the collapse pressure. It is interesting to observe that in the pure
bending case the curvature corresponding to the limit moment docs not V,try in the range
of yield stresses considered.

Figure 25 shows the variation of the collapse envelopes with the material anisotropy
parameter S. The material exhibits isotropic yielding if S = I. When S < I the yield stress
in the circumferential direction is lower than that in the axial direction. The norm.tlizing
pressure PC) reflects changes in S; thus. again, the effect of anisotropy on the collapse
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Fig. :!5. ElT.:ct of yield anisotropy on predicted collapse en\elopes.
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pressure (vertical axis) is normalized out. However. it can be stated that anisotropy in
which S < I leads to lower collapse loads,

Figure 26 shows how the material hardening parameter /I affects the collapse em·elopes.
It is observed that the hardening parameter has a very small effect on the collapse envelope
for the h: -+ P loading path but a much bigger effect on the P -+ h: envelope. The seemingly
unusual results at low values of curvature. are due to the shape of the Ramberg-Osgood
stress-strain lit at low strain values.

SUMMARY AND CONCLUSIONS

The response and stability of long. relatively thick-walled stcel tubes was studied
through a combined experimental and numerical program. Stainless steel 304 tubes with
Du/ ( values of 34.7 and 24.5 were loaded to collapse. Pressure-eurvaturc collapse em'elopes
were generated for loading paths involving bending followed by pressurization. and pres
surization followed by bending. A limited number ofexperiments involving a radial loading
path were also carried out. The material properties of the test specimen were measured in
separate experiments. The material and geometric properties of the tubes tested were such
that significant plastic deformations were induced by the loading applied.

The responses of the tubes were found to be characterized by limit load type of
instabilities for all loading paths examined. Under pure pressure loading. the tubes tested
catastrophically collapsed on attaining a limit pressure (loading essentially pressure con
trolled). Under pure bending loading the tubes were found to attain a limit moment. Due
to the curvature controlled loading used. bending eould be continued beyond the limit
moment. Following the limit load. the tube deformation (ovalization of cross-section)
localized to a region a few diameters long. Continued bending led to a precipitous drop in
bending capacity.

When bending and pressure were applied simultaneously. the collapse pressure. the
maximum bending moment capacity and the corresponding curvature were reduced due to
the interaction of geometric and material nonlinearities. Geometrically. the two loads
interact through the tube ovalization. The material interaction occurs through inelastic
effects. Since the latter are path dependent. both the response as well as the instabilities of
the tubes were found to depend on the loading path.

In the h: -+ P loading path the collapse was due to a limit load type of instability in the
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pressure response. In the small curvature range the collapse pressure dropped relatively
quickly with increasing bending curvature. For larger curvatures the collapse pressure seems
to asymptotically approach the propagation pressure of the pipe.

In the P - 1\ loading path two types of instabilities were observed. A limit moment in
the response and catastrophic collapse. At higher pressures the two were indistinguishable.
At lower pressures a limit moment was reached first followed by localization in the tube
ovalization which eventually led to catastrophic collapse of the tube.

The results from the radial path were similar to those of the P - 1\ path.
Attainment of a limit load was chosen as the instability criterion most appropriate for

the problem in the low Do/t range studied. A formulation of the problem in which all
variables remain constant along the tube length was used to predict the tube response and
limit load type of instability. The J~ incremental theory of plasticity. with three different
hardening rules. was used to model the material inelastic behavior. The predictions were
found to be sensitive to the hardening rule used. A two surface hardening rule developed
was found to yield the best agreement with experiments. Isotropic hardening tended to
overestimate the collapse pressures in the large curvature range for the 1\ - P loading path.
Ziegler type kinematic hardening was found to lead to unrealistically low predictions of the
collapse loads.

In general the experimental results can be numerically reproduced provided the geo
metric and material parameters of the problem are carefully measured. These must include
mean values of the tube initial ovalization. the material stress-strain behavior. anisotropic
yielding and circumferential residual stresses.
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APPENDIX

The set of 2N+ I non-linear algebraic equations used to lind the solution can be derived as follows: from
the kinematic relations (I) (5) we obtain

Substituting eqns (19) into the above equations

v v

.5/:, = ,5/;~ + (R~ cos 0),5,i ll + L (R~ cos nO cos O).5J. - L (R~ sin nO sin 0).56.
"~I ~-2

V .'Ii

L ,la.,,' cos nt/+ L ,56." cos ,,0
J";;'J = ,. .. I -'-.-....:.-' _

RJ(I-C-/J)
v ....

(L" -Ii''') (I' - Ii.') L ,lti." sin ,,0 + (1'- - li'-) (I' - Ii.') L J6. sin ,,0
+ .. -I If_:

R{I-C'~tJJ'

(AI)

(A2)

(A3)

(A~)

(A5)

(A6)

(A7)
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Substituting eqns (ASHA7) in the principle of virtual work and observing the arbitrariness of Jaa. 150•• 156,. and
cJi~. the following system of non-linear algebraic equations is obtained

f. == R (. f'2 [a,(RK cos 9) + ~ (R+t" +,.,)] d: dO+ ,oR ~1t(a.+I) == 0Jo -1/::

('f'21 a [f. == R a,IRK cos nO cos 0) + -R" (R+t" + ...) cos nO+(t'- .... )n sin nO
.-0 -112 .

for I ~ n ~ N

J. == R r'f'2. L,I -RK sin (n-N)O sin OJ
)0 -"1

+~ [(R +," + ,.)(. - N) '"' (. - N)ll+h' - , ..) ,;. ,. - N)ll

for N+2 ~ n ~ 2N

l'f'~f~.v. I == R n, d: dlJ == O.
o ~tI~

(AR)


